We examine the effects of mass resolution and force softening on the density profiles of cold dark matter halos that form within cosmological N-body simulations. As we increase the mass and force resolution, the halo profiles become steeper and denser in the central regions and do not converge to a unique result. At our highest resolution we have nearly 3 million particles within the virial radius, several orders of magnitude more than previously used and we can resolve close to a thousand surviving halos within this one object. As the mass resolution is increased we resolve progenitor halos that collapse at higher redshifts and have very high densities. This material ends up deeper within the central regions of the final halo, leading to higher densities at a fixed radius. The steep inner density profiles, ρ(r) ∼ r −1.4 , will prove problematic for the CDM model when compared with the observed properties of halos on galactic and cluster scales.
Introduction
The cold dark matter (CDM) model is a highly successful and well motivated cosmological model. The basic premises are an inflationary universe dominated by a dark matter particle, such as the axion, that leads to "bottom up" hierarchical structure formation. Small dense halos collapse at high redshifts and merge successively into the large virialised systems that contain the galaxies that we observe today (e.g. Davis et al. 1985 and references therein). On scales ∼ > several Mpc, the model successfully reproduces the observed clustering pattern of galaxies together with the abundances of clusters -two fundamental statistics that are sensitive to both the shape and amplitude of the power spectrum (Eke et al. 1997) . Comparisons between the model and data on smaller scales test a different aspect of the CDM paradigm. For example, the internal structure of halos can be compared with the dynamics of dwarf galaxies. This test shows that the dark matter is not as concentrated as numerical simulations of CDM indicate, perhaps indicating that the dark matter is not as "cold" as CDM (Moore 1996 , Flores et al. 1996 .
The properties of dark matter halos in the CDM model have been extensively investigated by numerous researchers, beginning with the first cosmological N-body simulations performed by Aarseth et al. (1979) . Only in the past decade have computational facilities and software improved to the point such that the central properties of dark halos can be compared directly with the observations. For example, galaxy rotation curves probe the inner 5% of the virialised region of the dark matter halos, therefore a dynamic range of at least 10 4 is required to simulate their central properties in a cosmological context.
The first results of Zurek et al. (1986) and Frenk et al. (1988) did not have the resolution necessary to probe the "observed" region of dark halos, but did show isothermal structures in the outer regions. Higher resolution simulations by Dubinski & Carlberg (1991) , Warren et al. (1992) , Carlberg (1994) , Crone et al. (1994) showed evidence for density profiles with slopes flatter than isothermal in the central regions, with densities varying as r −1 in the inner 10% of the halos. Navarro, Frenk & White (1996, hereafter NFW) made a systematic study of CDM halo structure over a range of mass scales. They claim that the density profiles of halos follow a universal form, uniquely determined by their mass and virial radius; varying from r −1 in the central regions, smoothly rolling over to r −3 at the virial radii. (The virial radius, r vir , is defined as the radius of a sphere containing a mean mass over-density of 200 with respect to the global value). The NFW halos typically contained 5,000 -10,000 particles, a number that was claimed to be sufficient to resolve the density profile of halos beyond a distance ∼ 1% of the virial radius.
The CDM model has power on all scales, allowing most of the mass to collapse into very small halos at early epochs that are not resolved by numerical simulations. If this material at higher densities can be resolved, then it will alter the evolutionary history of the final halo, perhaps leading to a different density profile. In this paper we investigate the inner structure of CDM halos using N-body simulations with several orders of magnitude higher mass resolution used previously. We shall test separately the effects of softening and particle number on the final density profiles and the issue of convergence to a unique profile.
Techniques and initial conditions
Simulating the formation of a dark matter halo requires an accurate treatment of the cosmological tidal field from a large volume of the universe, whilst obtaining high resolution throughout the infall and turnaround regions that will constitute the final halo. A candidate halo is initially identified from a large cosmological volume that has been simulated at lower resolution. The particles within the selected halo are traced back to the initial conditions to identify the region that will be re-simulated at higher resolution. The power spectrum is extrapolated down to smaller scales, matched at the boundaries such that both the power and waves of the new density field are identical in the region of overlap, then this region is populated with a new subset of less massive particles. Beyond the high resolution region the mass resolution is decreased in a series of shells such that the external tidal field is modelled correctly in a cosmological context. The starting redshift is increased so that the collapse of the first objects is simulated correctly and we then re-run the simulation to the present epoch.
A new high performance parallel treecode "PKDGRAV" is used to evolve the particle distribution. PKDGRAV has accurate periodic boundaries (most previous studies have vacuum boundary conditions), and an open ended variable timestep criteria based upon the local acceleration. The code uses a spline softening length such that the force is completely Newtonian at twice our quoted softening lengths. In terms of where the force is 50% of the Newtonian force, the equivalent Plummer softening length would be 0.67 times the spline softening length. Details of the code, scaling properties and the extensive tests can be found in Stadel et al. (in preparation) . We shall resimulate two halos, both extracted from standard CDM simulations normalised such that σ 8 = 0.7 and the shape parameter Γ = 0.5 (H=50km s −1 Mpc −1 is adopted throughout). The "Virgo" halo has a virial radius of 2 Mpc and was extracted from an initial simulation with a box length of 100 Mpc. The "Coma" halo has a virial radius of 3.4 Mpc and was extracted from a larger initial simulation that had a volume of one Gpc 3 .
PKDGRAV has been extensively tested using a variety of methods, for example, comparing forces with those calculated using a direct N 2 code on a clustered particle distribution or comparing the growth of waves against linear predictions. We have made one additional test by simulating a halo with PKDGRAV and a P 3 M code (Couchman 1991) . We used the "cluster comparison" data generated by (Frenk et al. 1997) . This is constrained realization of a standard Ω = 1 cold dark matter universe such that a rich cluster forms at the center of a 64 Mpc box. The cluster contains over 10 5 particles within r vir at the final time and both simulations use a force softening with a resolution of 10 kpc. The global evolution was virtually identical in each simulation; the final virial radii are within 0.3% of each other and the density profiles agreed to within 5% over the entire virial radius.
Results
Colour Plate 1 shows the final density distribution of our highest resolution simulation of the "Coma" cluster. The colour scale in both panels represents the local over-density at the position of each particle and reflects a variation from 10 1 to 10 6 times the mean density. The upper panel shows the entire 1000 Mpc box and illustrates the nested refinement zones, although plotted on this scale the central cluster is not resolved. In the lower panel we have extracted a sphere of radius 3.4 Mpc = r vir around the cluster. A wealth of substructure and "halos within halos" can be seen within this cluster.
The left and right hand panel of Colour Plate 2 shows the physical densities and the phase space densities of the Coma halo simulated at three different resolutions. These quantities are plotted at the position of each particle using a colour scale spanning 5 orders of magnitude and they are measured by smoothing over the nearest 64 particles. The upper plot shows the cluster simulated at a resolution similar to that used by NFW. There are about 13,000 particles within the virial region. The central and lower plots show the same cluster simulated at higher resolution such that there are 1 × 10 5 and 2.7 × 10 6 particles respectively within the virial radius. The visual difference is remarkable. As we increase the mass resolution we begin to resolve more and more substructure; there are ∼ 1000 halos within r vir . A detailed analysis of the properties and dynamics of the dark matter substructure within the Virgo cluster simulation is in preparation by Ghigna et al. (1998) . 1 In Figure 1a we show the density profile of the "Coma" cluster simulated with different mass and force resolutions. The halo centers are identified using both the center of mass of the inner halo and using the most bound particle and both methods give very similar results. We find that at higher resolutions, the central halo density profiles becomes steeper and as we increase the mass resolution by a factor of 200, the density at 1% of the virial radius increases by 250%. In Figure  1b we plot the effective circular velocities of the two highest resolution Coma cluster simulations. Even though the densities agree at ∼ 3% of the virial radius (at which point the medium resolution cluster contains 1500 particles), the cumulative mass function shows a difference on scales twice this radius reflecting the non-independent nature of these data points.
We have performed 5 simulations of the Coma cluster in which we systematically increased the resolution such that we have a total of 92, 1450, 13000, 100000 and 2700000 particles within the virial radius. For each of simulation we determine the radius at which the density profile falls by 20% with respect to the highest resolution simulation and define this to be the "believable" radius. We find that this radius decreases systematically from 13%, 4.5%, 2.8%, 1.9% of r vir and the total number of particles that lie within these radii increases systematically from 9, 35, 160, 700 respectively. We conclude from this experiment that setting a minimum particle number is an insufficient criterion for defining the radius outside of which to "believe" the density profile.
The only evidence that we may have converged upon a unique density profile arises if we extrapolate from these data to estimate the "believable" radius in the highest resolution run. These convergence tests show that a factor of 8 in mass resolution leads to a factor of 4 increase in the number of particles needed to define the "believable" radius. We therefore estimate that the highest resolution run is correct to a radius that contains about 5600 particles which is 0.8% of r vir . At this point the slope of the density profile has converged to its asymptotic value of r −1.4 . We speculate that further increases in resolution will trace out this asymptotic gradient to higher densities but not to significantly steeper slopes unless their is an inflexion point at about 1% of r vir .
Force softening and particle number
We are attempting to model a collisionless system by sampling phase space with a small number of particles. This sampling introduces numerical noise that is ameliorated by softening the gravitational force on small scales. Force softening and particle number can both have a dramatic effect on the halo properties. The number of particles defines the smallest halo that can collapse at high redshifts and thus introduces a maximum phase space density that can be resolved. The effect of softening is to introduce a "soft" core at the centers of all the halos approximately the size of the softening length. This causes halos to be disrupted more easily from tidal forces -the mechanism responsible for the over-merging problem (Moore et al. 1996) .
At a fixed mass resolution, decreasing the softening will lead to higher central densities, but there will be a point at which smaller softening lengths will not change the inner profile. At this point the density profile turns over to a constant value that is set by the maximum density that can be resolved by the first collapsing halos -unless artificial relaxation occurs. Figure 2 shows the effects of softening on the "Virgo" cluster profile. This halo has ∼ 20, 000 particles within the virial radius of 2 Mpc and we simulate it using various values of the softening length ranging from 5 kpc to 1 Mpc. The density profiles are plotted on scales smaller than the adopted softening lengths to indicate the behaviour in the inner regions, but do not believe anything on scales smaller than the softening length. Having said this, we note how well the density profile agrees on all scales slightly larger than the softening length. As the softening length is decreased we converge upon the same profile found by NFW, with a slope tending towards r −1 in the inner regions. Eventually we run out of particles to resolve the inner regions and decreasing the softening from 20 kpc to 10 kpc has very little effect on the halo profile. Figure 2 show the same cluster simulated with 10 kpc softening, but with 20 times as many particles. This leads to a significantly steeper density profile than the same halo simulated with the same softening but using fewer particles. At a radius equal to 1% of the virial radius, just over two softening lengths, the density increases by 70%. Within this radius the low resolution run contains over 50 particles. The two solid lines in Figure 2 show the density profiles of the same halo at redshifts z=0 and z=0.25, several billion years before the final output. This halo contains almost half a million particles within the virial radius and over 90% of the mass is in place at a redshift z=0.25. The density profiles normalised to r vir are almost identical at both epochs, demonstrating that relaxation or other numerical artifacts are not affecting our results even in the central regions.
The solid lines in

Fundamental scatter in the density profiles
Although a great deal of substructure is evident in these simulations, the bulk of the mass distribution in these halos lies within a smooth background of particles that were tidally stripped from the infalling halos. A single subclump with velocity dispersion σ sub will introduce a fluctuation in the density profile
Therefore, even the largest clumps of substructure with circular velocity ∼ 300 km s −1 will only produce fluctuations of order 5% in a rich, virialised, galaxy cluster. The global profiles may also vary from cluster to cluster, perhaps as a result of different formation histories. At low resolution, the halos form by the violent collapse and mergers of a handful of halos, whereas at our highest resolution the final halo forms from a series of thousands of smaller mergers and accretions. Figure 3 shows the residuals of the densities of the Coma halo from the NFW profile. NFW predicted a concentration c = 6.2 for this halo from the mean fit to their simulations. We find that c = 8.5 provides the best fit profile to these data, a value that lies within the scatter found by NFW at low resolution. Both of our high-resolution halos show the same systematic deviations from the NFW profile within 10% of the virial radius and are well fit on smaller scales by a power law of slope (∼ r −1.4 ). Since we find much better fits to the NFW profile at lower resolution, the flattening of the profile at 0.1r vir may reflect the transfer of mass to smaller scales from halos that are surviving deeper within the cluster potential (Seyer & White 1997) . A simple modification to the NFW profile from ρ(R) ∝ (R(1 + R 2 )) −1 to ρ(R) ∝ (R 1.4 (1 + R 1.4 ) −1 fits our high resolution simulations very well. (Here R is the radius from the cluster center expressed in terms of the virial radius divided by a scale factor that is equal to r vir /0.18 for the halos simulated here). A larger sample of high resolution simulations are necessary to check the validity of this profile on smaller mass scales and at larger radii where the fluctuations from surviving substructure are large.
Achieving convergence in halo properties -whats going on?
As we move to higher resolution we resolve structure collapsing at earlier redshifts. Within our highest resolution simulations, we observe many virialised halos collapsing at redshifts z ∼ 5 with mass ∼ 10 10 M ⊙ . This material at the highest physical density, invariably ends up at the center of the cluster by z = 0. Because it is denser it is more robust and can withstand the tidal forces deeper within the final cluster halo. It therefore has the potential of carrying more mass to the central regions. We demonstrate these effects by tracing back the particles that lie within the final virial radius to their positions at z=5. Figure 4 shows the fractional mass of the cluster within a given overdensity contributed by the halos that have collapsed at z=5. In the high resolution simulation 14% of the total mass of the final halo has already collapsed within halos at z=5. This material ends up constituting 75% of the mass within 0.01r vir . Within our medium resolution simulation of the same halo we find that only 2% of the mass of the final halo has collapsed by z=5 and this ends up making just 20% of the halo mass within 0.01r vir . The low resolution simulation does not contain any virialised halos at z = 5.
The power spectrum of CDM models asymptotes towards a slope n = −3 and provides power on all scales relevant to cosmological numerical simulations. Therefore, most of the material in the CDM universe and must lie in collapsed virialised clumps at high redshifts. If the simulations had even better mass resolution, we would have expected to observe halos collapsing at much earlier epochs and at higher phase space densities. This material would end up at the center of the final cluster, perhaps increasing its central density over what we find at the current resolution. Thus in order to resolve the halos we observe today, we may have to have sufficient resolution to resolve the merging hierarchy at very early epochs.
Summary
We have performed the highest resolution simulations of cold dark matter halos to date. Our force resolution is 0.2% of the virial radii and mass resolution is such that we can resolve halos 1/50,000th of the mass of the final system. The wealth of substructure in the final systems is phenomenal and will be the focus of a future paper. We can identify approximately 1000 "halos within halo" at the final time. Some of the halos within the cluster's virial radius contain their own substructure.
Both particle number and softening play a role in shaping the final density profiles; as we increase the resolution the halo profiles become steeper in the centers and we have not converged to a unique density profile. We show that mass resolution is the key to understanding the true halo profiles. With the same force softening, but with 10 times as many particles, an individual halo will be roughly twice as dense at 0.01r vir and increasing the mass resolution by another order of magnitude leads to densities that are a further 50% higher at the same radius.
Dark matter at high phase space density originates within the smallest and most dense halos that collapse very early and we demonstrated that it is this material that ends up at the center of the final halo and is missing from lower resolution simulations. Even with 3 million particles per halo we might not have converged upon a unique density profile for cold dark matter halos. At least 10 5 halo particles must be used in order to compare the dynamics of the inner few percent of the cluster mass distribution with observations. Our convergence tests suggest that our highest resolution simulation can be used to determine the density profile to a scale just less than ∼ 1% of the virial radius. At this point the profile has reached an asymptotic slope of r −1.4 . Such a steep inner profile will prove problematic for obtaining radial arcs within virialised clusters (Bartelmann 1996) . Since galaxy scale halos will have steeper profiles at a fixed scale length compared to the cluster scale objects simulated here, the problem of reconciling cold dark matter halos with observations of galaxy rotation curves will be considerably exacerbated by these results.
Figure Captions
Colour Plate 1.
The upper panel shows the particle distribution in the full 1000 Mpc box from the resimulation of the Coma cluster. This highlights the scale of the simulation and the seven refinement zones that focus in on the highest resolution region. In the lower panel we show a sphere of radius r vir that contains the cluster at z=0. All the visible halos and substructure in this plot lie within the virial radius and the colour scale spans a factor of 10 5 in local density.
Colour Plate 2.
We show the projected particle distributions for the Coma cluster at three different resolutions. In each case, we have extracted a sphere of radius equal to r vir = 3.4 Mpc. On the left hand side we plot the logarithm of the local density covering 5 orders of magnitude, from ρ/ρ o = 10 1 − 10 6 . On the right hand side we plot the local phase space density, ρ/σ 3 , where σ is the local velocity dispersion calculated by smoothing over the nearest 64 neighbours. The number of particles within the virial radius at z=0 are 13,000, 100,000 and 2,700,000 respectively and their density profiles are plotted in Figure 1a . The broken lines show the Virgo halo simulated at the same mass resolution but varying only the softening parameter. This halo has a virial radius of 2 Mpc and contains 20,000 particles within r vir . The values of the softening used are indicated next to each curve. The solid curves show the same cluster resimulated with a mass resolution 20 times higher, but keeping the force softening fixed at 10kpc. To demonstrate that relaxation is not affecting our results one of the solid curves shows the profile at a redshift z=0.25. Figure 3 . The residuals for the 2.6 million particle simulation of the Coma cluster from several NFW profiles with varying c. The residual is defined as (ρ halo − ρ NF W )/ρ halo , such that a positive residual indicates higher density than predicted by the NFW profile. Fluctuations in the residuals indicate real density fluctuations provided by substructure and can be as large as 5%. We plot 1σ error bars on the residuals from the best fit NFW profile. We plot the mass fraction of the final halo that resides in material identified at z=5 with ρ/ρ o > 200, against the overdensity that that material lies at z=0. The solid curve denotes our highest resolution simulation of the Coma cluster and the dashed curve denotes the intermediate resolution simulation. (The low resolution run did not contain any virialised halos at z=5.)
